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O N  THE APPROXIMATE METHODS FOR L I N E A R  OPTICS OF LIQUID 
CRYSTALS 

P. Allia, M. Arlone, C .  Oldano and L .  Trossi 
Dipartimento d i  Fisica, Politecnico d i  Torino, I ta ly  
GNSM-CISM, Tor ino ,  I taly 

Abstract Several approximate methods have been proposed 
so tar  t o  t rea t  electromagnetic wave propagation i n  
s t r a t i f i e d  anisotropic media, such as liquid crystals  or 
aperiodic structures. Despite the complete equivalence 
among many of them, however, a comparison between 
different resul ts  i s  often made d i f f i c u l t  by the 
complexity o f  the adopted formalism. I n  t h i s  paper, an 
exact propagation equation i s  given for  a plane e.m. wave 
travell ing within a s t ra t i f ied  medium. On such a basis, 
various types of already known approximate resul ts  are 
discussed and generalized in a very simple way. 

I NTRODUCTI O N  

Since the very discovery of the liquid crystall ine s ta te ,  
the attention of many researchers has been addressed t o  the 
really spectacular optical properties of some periodic 
structures (cholesterics and,  more recently, chiral 
smectics) which are used i n  the most important applications 
o f  l i q u i d  crystals.  
Since simple analytic solutions are available only for  l i g h t  

t ravell ing along the helix axis 3 y 4 ,  a great deal of effor t  
has been devoted t o  develop approximate methods 5-10. I n  the 
l a s t  years, the a%tention of researchers has gradually 
shifted t o  the study of methods which can be applied t o  more 
general, i .e .  aperiodic, structures. T h e  main problem i s  t o  
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254 P. ALLIA. M .  ARLONE. C. OLDANO AND L. TROSSI 

describe the propagation o f  a plane wave i n  s t r a t i f i e d ,  
ani sotropic media, and more-preci sely the changes in 
amplitude and polarization s ta tes  of a wave p r o p a g a t i n g  in a 
medium whose dielectr ic  tensor i s  continuously changing 
a long  the direction o f  a Cartesian coordinate, say z .  All 
the existing formal methods introduced t o  t r e a t  l i g h t  
polarization have been used, such as  Stokes vectors and 
Poincare sphere representation I 1 - l 3  , Jones vectors 14-16 

and different types of qeneralizations 5-1 7, Berreman 1 s - 
vectors l8’ l9  and generalized geometrical optics 20’21. Some 
of these methods, and of the obtained resul ts ,  are ful ly  
equivalent. However, the conversion formul ae between 
different methods are generally so complex t h a t  i t  i s  
d i f f i c u l t ,  except perhaps f o r  a few special is ts ,  t o  compare 
the resul ts  obtained by different methods. The equivalence, 
and the conversion expressions between Stokes and Jones 
vectors have been discussed in some papers 
comparison between these two methods and the Bereman vectors 
method i s  more complicated, since they are no longer 
equi Val ent . 
For the above reasons, a review o f  a l l  these relationships 
would be of the greatest interest .  I n  the present, paper, a 
somewhat more res t r ic ted ,  and better defined subject w i l l  be 
dealt  with. An exact propagation equation will be given for 
a plane electromagnetic wave travell ing t h r o u g h  a s t ra t i f ied  
medium. I n  t h i s  way, i t  i s  particularly easy t o  generate 
various types of approximation, (substantially a l l  the 
methods found i n  the above quoted papers 1. 
On the b a s i s  of t h i s  equation, we will discuss various types 

22-24. A 
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ON THE APPROXIMATE METHODS FOR LINEAR omcs 255 

of a 
most 
For 

ready known resu l t s  and show a simple way t o  generalize 
o f  them. 
he sake of simplicity we consider a s t r a t i f i e d  medium 

whose optical properties can be f u l l y  described a t  any p o i n t  
by a real  symmetric d i e l ec t r i c  tensor 5 , and assume t h a t &  - 
i s  simply r o t a t i n g  a l o n g  a generic direction z .  An extension 
t o  more general cases,  such as for  instance magnetic, 
absorbing, or opt ical ly  active media, i s  straightforward. 

- 

2 - The p r o p a g a t i o n  equation. 

We consider a plane wave incident on a slab of an 
anisotropic medium confined between the planes z = o and z = 

d o f  a Cartesian coordinate system. The wavevector of the 
incident l i g h t  beam i s  i n  the  plane ( x , z ) ,  and the 
d i e l ec t r i c  tensor of the anisotropic medium only depend on 
z .  The p ropaga t ion  equation for the electromagnetic wave 
w i t h i n  the medium can be written i n  matrix form as: 18 
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256 P. ALLIA, M. ARLONE, C. OLDANO AND L. T R O W  

4 2  

4 1 

0 

'1 3 

'13 

'23 

0 

4 4 3  

1 

0 

and A1, = - mXZ/ E z z  

zz  
A 1 2  = 1 -  2 / & 

443 = E - ( E ~ ~ / E ~ ~ )  2 - rn 2 
YY 

If t h e  d i e l e c t r i c  t e n s o r  i s  s l i g h t l y  varying over d i s t a n c e s  
of the order  o f  A , the  f o u r  d i f f e r e n t i a l  equat ions i n  the  
v a r i a b l e s  E x , H y , E y , H x ,  can be c a s t  i n  an equivalent  form by 
choosing a new set of v a r i a b l e s  which provide two most 
import an t  advantages : 
i )  The new v a r i a b l e s  have the following very simple physical 
meaning: i n  any l a y e r  dz,  they can be considered as the 
amplitudes a ,b  ,a  , b - ,  o f  two forward- and two 
backward-propagati ng plane waves. 

+ + -  
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257 ON THE APPROXIMATE METHODS FOR LINEAR OPTICS 

More precisely, we consider for a given value zo of z a 
fictitious homogeneous medium whose dielectric tensor is 

= - - E ( 2 , ) .  The waves v:(z), y ~ i ( z ) ,  zya(z), ~J$z) are the 
caracteristic waves of this medium. 
The actual function V ( z )  can be expressed, for Z i Z g ,  as 

=O 6 

+ t 
For a locally uniaxial medium q~i  and 1C)b represent the 
extraordinary and ordinary waves, respectively. 
i i )  the new differential equations have the form of a set of 
for coupled equations, with generally small coupling terms, 
whose meaning is quite clear. For istance the coupling 
coefficients between y)d' and?@; give the relative amplitudes 
of the a-type reflected waves per unit length along z. 
Obviously we expect that these coefficients rapidly grow, 
become no more negligible if the incidence angle is 
increased beyond the total reflection angle. The considered 
transformation gives a mathematical basis to physical 
intuition. 
This procedure has been already used in some particular 
cases 15'16. Its generalization to the case considered here 
i s straightforward. 
We consider the vector transformation 

where T ( z o )  is the 4x4 matrix diagonalizing - d ( z o )  - 
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258 P.  ALLIA. M. ARLONE. C. OLDANO AND L. TROSSI 

i n  z = z , i . e .  I-' _d I =do , where A D  i s  d i a g o n a l .  The  
components of the new vector V J ( z ) ,  are-the new variables, 
i .e .  

- 0' - - -  .- 

and the propagation equation f o r  VJ i s  

d z  dz  

The coupling coefficients are the elements o f  the matrix 

For A ( z )  = const. the transformation ma t r ix  1 i s  z - 
independent, and a l l  coupling coefficients are zero. 

- - - 

3 - Approximate solutions. 

The coupled equations ( 8 )  are a good s tar t ing p o i n t  f o r ' t h e  
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ON THE APPROXIMATE METHODS FOR LINEAR OPTICS 259 

research o f  approximate solutions. 
Some of the physically most i m p o r t a n t  and used 
approximations are discussed below. 

3.1 Geometrical optics approximation ( G O A ) .  

We consider the matrix i % T - l  dT/dz as a perturbation, and 
expand the function W ( z )  i n  ascending powers o f  %: J 

The zeroth order solution can be considered the equivalent 
of the geometrical optics approximations for  isotropic 
media, which corresponds t o  the l i m i t  a-0, and of the so 
called Y . K . B .  approximat ion  of q u a n t u m  mechanics. 
I n  th is  l imit ,  the perturbation term i s  simply neglected, 
and the set  of equations (8 )  i s  decoupled into four 
independent equations, whose solutions are 

+ + 
whereda , d  are the elements of the diagonal m a t r i x .  A D  
The amplitudes a- ,b- ,  o f  the backword p ropaga t ing  waves are 
identically zero, since reflection i s  neglected. 
For l i g h t  normally incident on slab - type samples o f  a 
cholssteric l i q u i d  crystal ,  i t  i s  possible t o  get i n  th i s  
way the same results obtained by Mauguin * i n  the l imi t  of 

- - 
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260 P. ALLIA, M. ARLONE, C. OLDANO AND L. TROSSI 

large enough pitches (Mauguin o r  adiabatic l i m i t ) .  I n  t h i s  
case A ,  and A ,  are the extraordinary and ordinary 

represents a wave whose e lec t r ic  vector i s  everywhere 
parallel (perpendicular) %o the optical axis,  r i g i d l y  
following the r o t a t i o n  of the director.  
I n  t h i s  particular problem, considering as independent 
variables the amplitudes at,b+,a-,b- of the characterist ic 
vectors v a  9 vb 8 va- 9 v, i s  practically equivalent 
t o  analyze the electromagnetic wave i n  a new reference 
system which rigidly follows the rotation of the optical 
axis. For more general rotations of the dielectr ic  tensor 
the use of eq. (8)  offers similar advantages, and the GOA 
can be considered as an extension of the adiabatic limit t o  
such cases. 

ref racti  ve indexes n e e no respectively; d ( Q 

t t 

3.2 Generalized geometrical optics approximation ( G G O A ) .  
For an isotropic medium w i t h  a continuous variation o f  the 
refractive index the GOA i s  valid i f  both diffraction and 
reflection have negligible effects .  For  anisotropic media, 

propagate independently. I t  i s  interesting t o  f i n d  o u t  the 
validity limits o f  these approximations. 
In  most experiments w i t h  1 iquid crystal s the cross-section 
dimensions of the sample and of the incident l i g h t  beam are 
such t h a t  diffraction i s  indeed negligible. I n  order t o  
evaluate the magnitude of the other two effects  we consider 
the propagation of the a component t h r o u g h  a distance d 

such t h a t  the components of the tensor E are significantly 

t + 
the GOA further implies that  the waves v a  and v b 

t 

- 
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ON THE APPROXIMATE METHODS FOR LINEAR OPTICS 26 1 

and monotonically changed, owing t o  a director rotation. A t  
any layer dz  th i s  component i s  generally generating the 
other three componentsVb , wa , vb . 
The corresponding amplitudes a , a  ,b- are however no t  
monotoni cal l y  i ncreasi ng w i t h  increasing z ,  because the 
waves generated by different layers are o u t  of phase. These 
amp1 i tudes are actual ly negl igi ble i f  the maximum phase 
difference, between the layers separated by a distance d ,  i s  
large w i t h  respect t o  21-r.This gives for  b+ the condition: 

t - - 
t -  

Similar conditions are found f o r  the amplitudes a - ,  b- of 
the ref 1 ected waves, and are general ly weaker t h a n  
condition ( 1 1 ) .  As an example, l e t  us consider the case of 
normal incidence of l i g h t  on an uniaxial medium whose 
optical a x i s  i s  nearly perpendicular t o  z. These conditions 
are approximatively given by 

for the v t  wave, and 
b 

( 1 2 )  

(13) 

t - 
f o r  the reflected waves V a  and Vb. 
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262 P. ALLIA. M .  ARLONE. C. OLDANO AND L. TROSSI 

For many exper imenta l  set-ups and dev ices  (as  e.g. t h e  

t w i  s ted  and super tw i  s ted  nematic c e l l  s 1 t h e  c o n d i t i o n  ( 13) 

i s  w e l l  s a t i s f i e d ,  w h i l e  t h e  c o n d i t i o n  (12)  i s  n o t .  I t  i s  

t h e r e f o r e  i n t e r e s t i n g  t o  f i n d  ou t  an approx ina t i on  which 

takes  i n t o  account t h e  c o u p l i n g  between t h e  

fo rward-propagat ing  waves and neg lec ts  r e f l e c t i o n .  Th is  aim 

i s  very  e a s i l y  achieved by making use o f  t h e  fo rmal ism 

o u t l i n e d  above. I n  f a c t ,  t h e  m a t r i x  T - l  dT/dz i s  w r i t t e n  as 

a sum o f  t h e  two submatr ices:  
- - - 

(14 )  

- 
‘ 0  - 

‘33 ‘34 ‘32 

‘41 ‘42 0 

dropped, whereas Co i s  r e t a i n e d  i n  

( 8 ) .  The se t  o f  equat ions  

independent subsets.  Since r e f  

f i r s t  s e t  i s  o f  i n t e r e s t .  Th i s  

and t h e  m a t r i x  C, - (whose elements g i v e  r e f l e c t i o n )  i s  s imp ly  

t h e  propagat ion  equat ions 

s p l i t s  now i n t o  two 

on i s  neglected, o n l y  t h e  

be w r i t t e n :  

- 

( 8  
ec t 

nay 

T h i s  approximat ion i s  a p o s s i b l e  ex tens ion  o f  t h e  GOA f o r  
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ON THE APPROXIMATE METHODS FOR LINEAR OPTICS 763 

isotropic media, i n  the sense t h a t  bo th  of them neglect 
diffraction and reflection. I n  the following, i t  w i l l  be 
referred t o  as GGOA (generalized geometric optics 
approximation); we note t h a t  the same expression i s  used i n  

r e f .  20 w i t h  a different meaning). The GGOA i s  particularly 
suitable fo r  the description of the p o l a r i z a t i o n  s ta te  o f  

the transmitted wave, since the c o u p l i n g  between the 
forward-propagat ing  waves i f  ful ly  taken i n t o  account, and 
reflection can change th i s  s ta te  only through second order 
e f fec ts ,  as obvious .  
For normally incident l i g h t  the information content of the 
parameters a , bt and of the Jones vector components i s  the 
same. The column vector w i t h  components ( a  ,b  can 
therefore be considered as a generalization of the Jones 
vector. This allows one t o  discuss the results given i n  the 
above quoted references i n  the framework of the formalism 
developed here. 

t 

+ +  

4 Comments and discussion. 
The most important results obtained for aperiodic structures 
i n  the references quoted i n  section 1 can now be discussed 
i n  the terms o f  the formalism developed i n  sections 2 and 3 .  
Most papers develop approximations which are essenti a1 ly 
equivalent t o  GGOA, and only consider the case of normally 
incident 1 i g h t  11,12,14,16 

The case of oblique incidence, which generally requires the 
use of quite heavy expressions, has been considered only  f o r  
the particular case of a locally u n i a x i a l  film w i t h  the 
optical axis everywhere orthogonal t o  the surface normal . 15 
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264 P. ALLIA. M .  ARL.ONE. C. OLDANO AND L.  TROSSI 

The GOA approximation has been applied t o  the following two 
par t icular  cases: 
1 )  The medium i s  locally uniaxial ,  and the optical  axis 
always l i e s  in the incidence plane 
The extraordinary and ordinary waves are f u l  ly  decoupled, 
and on ly  the f i r s t  one requires approximate expressions, as 
obvious . 
2 )  The medium i s  locally uniaxial and only  the case of 
normal incidence i s  considered, by means of the use o f  the  
Stokes vector formalism . 

20 . 

13 

All the  above r e s u l t s ,  are implici t ly  contained i n  equations 
5 ,  16 and 15. I n  order t o  o b t a i n  a formal expression of 
these r e su l t s ,  both the charac te r i s t ic  values 

and the correspondi ng 

charac te r i s t ic  vectors must be given as functions o f  the 
angles defining the d i e l ec t r i c  tensor - - E ( z ) .  They are given 
in the Appendix fo r  the par t icular  case of uniaxial media. 

+ t 
d a  ' d b  'db 

Appendix - Characterist ic values and vectors of the 
propagation matrix for  uni axi a1 c rys t a l s .  

The matrix fo r  a nonmagnetic uniaxial medium w i t h o u t  losses 
and optical  ac t iv i ty  i s  19 
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ON THE APPROXIMATE METHODS FOR L1NE.W OPTICS 265 

Ms 2 -  1-m / E~~ 

A 1  

0 1 
2 2  2 2  2 noc t n  s -rn 

Mc 

0 

Ms 

where: 

c = c o s q  , s = s i n 0  

m = k / k ,  M=mcos$ s in$ ( n o - n e ) /  2 2  33 X 

2 2 2  
E 3 3  = n 2  e c o s 2 a  + n 2  0 sinz+ , n n o e  n / E 3 3  

l 1  (nos ln  (p t n  cos lp )+n2  2 
2 2 . 2  2 2  

A2 

where 6 , (pare  the polar angles def ining the d i r e c t i o n  of 

the  opt ica l  a x i s ,  n a n d  no  a re  the  extraordinary and 

ordinary r e f r a c t i v e  indexes,  r e s p e c t i v e l y ,  and  the  use ofdo,  
d w i  1 1  be apparent below. 
We r e c a l l  t h a t  z i s  the  polar ax is  and ( x , z )  the  incidence 
pl ane. 

e 

The c h a r a c t e r i s t i c  equation f o r  d - , - 

i s  an equatjon of  fourth degree f o r  the c h a r a c t e r i s t i c  
values d o f  d . For uniaxial  media the two r o o t s  o f  t h i s  
equat ion,  corresponding t o  forward - and backward - 
propagating ordinary waves, a r e  opposite and well known. By 

- - 
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266 P. ALLIA, M. ARLONE, C. OLDANO AND L. TROSSI 

t a k i n g  i n t o  account t h i s  f a c t ,  i t  i s  e a s i l y  shown t h a t  eq. 

A3  can be c a s t  i n  the  form: 

Th is  g i v e s :  

A + * -  = MCOS(P+-A A ' . -  = A ,  a e ' b  

A4 

A 5  

The corresponding c h a r a c t e r i s t i c  vec to rs  are  e a s i l y  found t o  

be : 
2 2  2 / ( n  - n o )  ( 1 - m  / E 33 
2 . 2  2 2 M ( n o s i n  Q: t n  cos Q, 

2 2  a ( n  - no)  

lv; = Nb t 

- ( n  -no) 

c o s q f  M 

+ 2 2  

s i n g ,  
\ ( n 2 - n i l : i r i n y c o s y  t ( n  2 2  -no )  A e 

A 6  

t (n: -n 2 1 d o s i n g ,  

(n: - n 2 2  n s ing ,  
0 

- no )  2 A,COSQ, n2 M f (n2  

' ( n  
L 

0 

2 
- "0) do c o s y !  Mno A ,  

are  n o r m a l i z a t i o n  cons tan ts .  A 

these parameters i s  t h e  one which g ives  

+ t 
Where Na ,Nb ,Na -, Nb 

. s u i t a b l e  cho ice  for 
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unit  energy f lux fo r  unit area of the f i lm,  i . e .  unit 
z-component o f  the  Poynting vector. 

are the We recal l  t h a t  ya , vb , va v, 
charac te r i s t ic  vectors for  a homogeneous medium and t h a t  
they define the  trasformation matrix 1, whose columns are 
proportional t o  the column vectors which d e f i n e v a  , y,, , 

t - - t 

- 
t t 

- - 
yd ,v,, , respectively. 
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